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ABSTRACT
We study the non-uniform nuclear matter using the self-consistent Thomas–
Fermi approximation with a relativistic mean-field model. The non-uniform mat-
ter is assumed to be composed of a lattice of heavy nuclei surrounded by dripped
nucleons. At each temperature T , proton fraction Yp, and baryon mass density
ρB, we determine the thermodynamically favored state by minimizing the free
energy with respect to the radius of the Wigner–Seitz cell, while the nucleon
distribution in the cell can be determined self-consistently in the Thomas–Fermi
approximation. A detailed comparison is made between the present results and
previous calculations in the Thomas–Fermi approximation with a parameterized
nucleon distribution that has been adopted in the widely used Shen EOS.
Subject headings: dense matter — equation of state — supernovae: general
Online-only material: color figures
1. Introduction
The equation of state (EOS) of hot and dense matter is an essential ingredient in un-
derstanding many astrophysical phenomena, e.g., supernova explosions and neutron star
formations (Burrows et al. 2006; Janka et al. 2007; Sumiyoshi et al. 2005, 2009; Shen et al.
2011). The EOS for the core-collapse supernova simulations must cover wide ranges of
temperature, proton fraction, and baryon density (see Table 1 of Shen et al. (2011)). There-
fore, it is very difficult to build a complete EOS covering the wide range of thermodynamic
conditions. Many efforts have been made to investigate the EOS of nuclear matter for
the use of supernova simulations and neutron star calculations (Lattimer & Swesty 1991;
Lattimer & Prakash 2007; Shen et al. 1998a,b, 2011; Schaffner & Mishustin 1996; Weber
2005). There are two commonly used EOSs in supernova simulations, namely the Lattimer–
Swesty EOS (Lattimer & Swesty 1991), which employed a compressible liquid-drop model
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with a Skyrme force, and the Shen EOS (Shen et al. 1998b, 2011), which used a relativis-
tic mean-field (RMF) model and Thomas–Fermi approximation with a parameterized nu-
cleon distribution. Recently, G. Shen et al. (2010) constructed the EOS based on a rela-
tivistic Hartree calculation for the Wigner–Seitz cell which includes nuclear shell effects.
These EOSs employ the so-called single nucleus approximation (SNA), in which only a
single representative nucleus is included instead of a distribution of different nuclei. It
would be desirable to consider the mixture of nuclei based on nuclear statistical equilib-
rium (Hempel & Schaffner-Bielich 2010; Blinnikov et al. 2011; Furusawa et al. 2011, 2013).
The mixture of nuclei is important for electron captures on nuclei inside supernova core.
However, it has been demonstrated that SNA is a reasonable approximation for thermo-
dynamical quantities (Burrows et al. 1984). In SNA, the thermodynamically favored nu-
cleus is described by a compressible liquid-drop model in the Lattimer–Swesty EOS or by
a Thomas–Fermi approximation with parameterized nucleon distribution in the Shen EOS.
In this paper, we intend to study the matter at subnuclear densities, in which the heavy
nucleus is described by a self-consistent Thomas–Fermi approximation.
The self-consistent Thomas–Fermi approximation has been widely used in atomic and
nuclear physics. Many properties of nuclei can be described by the Thomas–Fermi approxi-
mation with good agreement to experimental data (Centelles et al. 2007). Recently, the self-
consistent Thomas–Fermi approximation has been used to study nuclear pasta phases at sub-
nuclear densities at zero temperature (Avancini et al. 2009) and finite temperature (Avancini et al.
2010), where the pasta phases include droplets (bubbles), rods (tubes), and slabs for three,
two, and one dimensions, respectively. In our previous work (Shen et al. 1998a,b, 2011), a
parameterized nucleon distribution was assumed in the Thomas–Fermi approximation and
only droplet phase was taken into account. It is, however, not clear how good/bad the as-
sumed nucleon distribution functions are in Shen EOS. Also, whether other pasta phases, like
bubble phase, can make a meaningful difference in the transition to uniform nuclear matter.
The main purpose of the present work is to study the non-uniform matter at subnuclear
densities using the self-consistent Thomas–Fermi approximation. By comparing the nucleon
distributions and thermodynamic quantities, we can examine the difference between the
self-consistent Thomas–Fermi (STF) approximation and the parameterized Thomas–Fermi
(PTF) approximation. In the present work, we consider both droplet and bubble configu-
rations in order to investigate the effect of including the bubble phase, while other pasta
phases are neglected for simplicity.
For the effective nuclear interaction, we use the relativistic mean-field (RMF) theory,
in which nucleons interact via the exchange of isoscalar scalar and vector mesons (σ and
ω) and an isovector vector meson (ρ). In this work, we employ the RMF theory including
nonlinear σ and ω terms with the parameter set TM1 (Sugahara & Toki 1994). It is known
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that the RMF theory with the parameter set TM1 can well reproduce ground state properties
of finite nuclei including unstable ones (Sugahara & Toki 1994), and predicts a maximum
neutron-star mass of 2.18 M⊙ (Shen et al. 2011). In Shen EOS, the RMF results of TM1
were taken as input in the PTF calculation. Therefore, a detailed comparison can be made
between the STF and PTF approximations based on the same RMF theory.
This paper is organized as follows. In Section 2, we briefly explain the RMF theory and
the STF approximation for the non-uniform matter at subnuclear densities. In Section 3, we
discuss the calculated results of the STF approximation in comparison with those obtained
in the PTF approximation. Section 4 is devoted to the conclusions.
2. Formalism
We first give a brief description of the RMF theory (Serot & Walecka 1986; Sugahara & Toki
1994). We employ the RMF theory to calculate the properties of uniform matter. For
non-uniform matter where nuclei exist to decrease the free energy, we use the STF approx-
imation in which the RMF Lagrangian is used to derive the equations of motion for the
fields (Avancini et al. 2009).
In the RMF theory, nucleons interact via the exchange of mesons. The exchanged
mesons are isoscalar scalar and vector mesons (σ and ω) and isovector vector meson (ρ). We
adopt the RMF theory with nonlinear σ and ω terms (Sugahara & Toki 1994). For a system
consisting of protons, neutrons, and electrons, the Lagrangian density reads,
LRMF =
∑
i=p,n
ψ¯i
[
iγµ∂
µ −M − gσσ − gωγµω
µ − gργµτaρ
aµ − eγµ
1 + τ3
2
Aµ
]
ψi
+ψ¯e [iγµ∂
µ −me + eγµA
µ]ψe
+
1
2
∂µσ∂
µσ −
1
2
m2σσ
2 −
1
3
g2σ
3 −
1
4
g3σ
4
−
1
4
WµνW
µν +
1
2
m2ωωµω
µ +
1
4
c3 (ωµω
µ)2
−
1
4
RaµνR
aµν +
1
2
m2ρρ
a
µρ
aµ −
1
4
FµνF
µν , (1)
where W µν , Raµν , and F µν are the antisymmetric field tensors for ωµ, ρaµ, and Aµ, respec-
tively. We use the parameter set TM1 (Sugahara & Toki 1994) as give in Table 1. It is
known that the RMF theory with the parameter set TM1 can reproduce good saturation
properties of nuclear matter and satisfactory description of finite nuclei (Sugahara & Toki
1994; Hirata et al. 1996).
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Starting with the Lagrangian (1), we derive a set of Euler–Lagrange equations. In the
RMF approximation, the meson fields are considered as classical fields and they are replaced
by their expectation values. For a static system, the non-vanishing expectation values are
σ = 〈σ〉, ω = 〈ω0〉, ρ = 〈ρ30〉, and A = 〈A0〉. The equations of motion for these mean fields
have the following form:
−∇2σ +m2σσ + g2σ
2 + g3σ
3 = −gσns, (2)
−∇2ω +m2ωω + c3ω
3 = gωnv, (3)
−∇2ρ+m2ρρ = gρn3, (4)
−∇2A = enc, (5)
where ns, nv, n3, and nc are the scalar, vector, third component of isovector, and charge
densities, respectively. The stationary Dirac equation for nucleons is given by(
−α · ∇+ βM∗ + gωω + gρτ3ρ+ e
1 + τ3
2
A
)
ψi = εiψi, (6)
where M∗ =M + gσσ is the effective nucleon mass. i denotes the index of eigenstates, while
εi is the single-particle energy.
For non-uniform matter at subnuclear densities, heavy nuclei exist in order to de-
crease the free energy. We assume that each spherical nucleus is located in the center of
a charge-neutral cell consisting of a vapor of nucleons and electrons. In the present study,
we focus on estimating the difference between the STF and PTF approximations, so we
ignore the contribution of alpha-particles for simplicity. The alpha-particle fraction has
been shown in Figure 6 of Shen et al. (2011), and moreover the contributions from alpha-
particles and other light nuclei have been extensively discussed in Sumiyoshi et al. (2008)
and Hempel & Schaffner-Bielich (2010). We assume that nuclei are arranged in a body-
centered-cubic (BCC) lattice to minimize the Coulomb lattice energy (Oyamatsu 1993). The
Wigner–Seitz cell is introduced to simplify the energy of a unit cell, which is a sphere with
the same volume as the unit cell in the BCC lattice. The lattice constant a and the radius of
the Wigner–Seitz cell RC are related to the cell volume by Vcell = a
3 = 4πR3C/3 = NB/nB,
where NB and nB are the baryon number per cell and the average baryon number density,
respectively.
In the STF approximation, the nucleon distribution function at position r inside the
Wigner–Seitz cell is obtained by
ni(r) =
1
π2
∫
∞
0
dk k2
[
fki (r)− f
k
i¯ (r)
]
, (7)
where fki and f
k
i¯
(i = p, n) are the occupation probabilities of the particle and antiparticle
for momentum k. At zero temperature, fki = 1 under the Fermi surface and f
k
i = 0 above
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the Fermi surface. At finite temperature, the occupation probability is obtained by the
Fermi–Dirac distribution,
fki =
1
1 + exp
[(√
k2 +M∗2 − νi
)
/T
] , (8)
fki¯ =
1
1 + exp
[(√
k2 +M∗2 + νi
)
/T
] . (9)
The chemical potential µi is related to the effective chemical potential νi as
µp = νp + gωω + gρρ+ eA, (10)
µn = νn + gωω − gρρ. (11)
We note that the chemical potential is spatially constant throughout the Wigner–Seitz cell,
while other quantities such as occupation probabilities and mean-field values depend on the
position r. As for the electrons, we disregard the electron screening effect caused by the non-
uniform charged particle distributions, and assume the electron density is uniform. It was
found in Maruyama et al. (2005) that the electron screening effect is very small at subnuclear
densities. For given average baryon density nB and proton fraction Yp, the electrons do not
play any role in the free energy minimization, therefore, we ignore the electron contribution
as done in Shen et al. (2011).
The free energy per cell contributed from baryons is given by
Fcell = Ecell − TScell, (12)
where Ecell and Scell denote the energy and entropy per cell, respectively. The energy per
cell can be written as
Ecell =
∫
cell
ǫ(r)d3r +∆EC , (13)
with ∆EC being the correction term for the BCC lattice (Oyamatsu 1993; Shen et al. 2011).
This correction is negligible when the nuclear size is much smaller than the cell size. The
entropy per cell is given by
Scell =
∫
cell
s(r)d3r. (14)
Here ǫ(r) and s(r) are the local energy density and entropy density at the radius r, which
can be calculated by using the RMF theory and the STF approximation. The energy density
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in the STF approximation is given by
ǫ =
∑
i=p,n
1
π2
∫
∞
0
dk k2
√
k2 +M∗2
(
fki + f
k
i¯
)
+
1
2
(∇σ)2 +
1
2
m2σσ
2 +
1
3
g2σ
3 +
1
4
g3σ
4
−
1
2
(∇ω)2 −
1
2
m2ωω
2 −
1
4
c3ω
4 + gωω (np + nn)
−
1
2
(∇ρ)2 −
1
2
m2ρρ
2 + gρρ (np − nn)
−
1
2
(∇A)2 + eA (np − ne) , (15)
the entropy density is given by
s =
∑
i=p,n
1
π2
∫
∞
0
dk k2
[
−fki ln f
k
i −
(
1− fki
)
ln
(
1− fki
)
−fki¯ ln f
k
i¯ −
(
1− fki¯
)
ln
(
1− fki¯
)]
. (16)
Here, we have omitted the electron kinetic energy and electron entropy, which do not play
any role in the free energy minimization. It is known that nuclear pasta phases could present
at subnuclear densities before the transition to uniform matter. In this study, we consider
both droplet and bubble phases. The free energy for bubble phase can also be calculated
from Equation (12), but with different correction term ∆EC (Oyamatsu 1993).
It is interesting and important to compare the difference between the STF used in this
study and the PTF adopted in Shen et al. (2011). In the PTF approximation, the energy
per cell is given in the form
EPTFcell = E
b
cell + E
g
cell + E
C
cell, (17)
where Ebcell is the bulk energy per cell given by Equation (20) of Shen et al. (2011). The
surface (gradient) energy term Egcell due to the inhomogeneity of the nucleon distribution is
assumed to have the form
Egcell =
∫
cell
F0 | ∇ [nn (r) + np (r) ] |
2 d3r, (18)
with the parameter F0 = 70MeV fm
5 determined by the gross properties of nuclear masses
and charge radii (Oyamatsu 1993; Shen et al. 2011). The Coulomb energy term ECcell can be
calculated as
ECcell =
1
2
∫
cell
eA (r) [np (r)− ne] d
3r +∆EC , (19)
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where A (r) is the electrostatic potential and ∆EC is the same as that of Equation (13).
By comparing Equation (17) with Equation (13), we recognize that the Coulomb energy in
STF and PTF can be calculated in the same way as given by Equation (19), but the surface
(gradient) energy is treated differently. In the STF approximation the gradient energy is
included in Equation (15) self-consistently, while it is calculated by Equation (18) with
an additional parameter F0 in the PTF approximation. This may cause some differences
in energy between these two methods. Another difference between STF and PTF is that
the nucleon distribution function ni(r) (i = p or n) is determined self-consistently in the
STF approximation by solving Equations (2)-(5) inside the Wigner–Seitz cell. In the PTF
method, the nucleon distribution function is assumed to have the form (Oyamatsu 1993;
Shen et al. 2011)
ni (r) =


(
nini − n
out
i
) [
1−
(
r
Ri
)ti]3
+ nouti , 0 ≤ r ≤ Ri,
nouti , Ri ≤ r ≤ RC .
(20)
It is important to examine the effect of these differences on thermodynamic quantities at
subnuclear densities, so that we can estimate how good/bad the PTF approximation is
in Shen et al. (2011).
We minimize the free energy per baryon, F = Fcell/NB, at given temperature T , proton
fraction Yp, and baryon mass density ρB. Note that the baryon mass density is defined as
ρB = munB with mu being the atomic mass unit (Shen et al. 2011). The thermodynam-
ically favored state is the one with the lowest F among all configurations considered. In
the PTF approximation, the minimization procedure was realized with respect to several
independent parameters as described in Shen et al. (2011). In the STF approximation, we
minimize F with respect to the Wigner–Seitz cell radius, RC , and finally determine the
most stable configuration among droplet, bubble, and homogeneous phases by comparing
their free energies. To compute Fcell at a fixed RC , we numerically solve the coupled Equa-
tions (2)-(5) together with the nucleon distribution and occupation probability given by
Equations (7)-(9) in coordinate space. Starting from an initial guess for the mean-field val-
ues σ(r), ω(r), ρ(r), and A(r), we determine the chemical potential µi (i = p or n) by the
condition
∫ RC
0
ni(r)4πr
2dr = Ni, where the proton and neutron numbers per cell are respec-
tively given by Np = YpNB and Nn = (1− Yp)NB. Once the chemical potentials are known,
the occupation probabilities and density distributions can be obtained. Then, using these
densities we solve Equations (2)-(5) to get new mean-field values. This procedure is iterated
until self-consistency is achieved. For the numerical integrations in coordinate space, we use
a composite Simpson’s rule with 1201 grid points. In general, this number of grid points
is sufficient to achieve good convergence in both solving coupled equations and performing
numerical integrations.
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3. Results and discussion
In this section, we show and discuss the results of the non-uniform matter at subnuclear
densities obtained using the STF approximation. In comparison with the PTF method used
in Shen et al. (2011), the nucleon distribution and the surface effect are self-consistently
calculated within the STF approximation. In addition, we take into account the bubble
phase that may be present before the transition to uniform matter.
At given temperature T , proton fraction Yp, and baryon mass density ρB, we minimize
the free energy per baryon, F = Fcell/NB, with respect to the independent variables in the
model. In the STF approximation, there is only one independent variable, namely the cell
radius RC . However, there are about seven independent variables (n
in
n , Rn, tn, n
in
p , Rp, tp,
and RC) in the PTF approximation (Shen et al. 2011). It is interesting and important to
make a detailed comparison between STF and PTF. In Figure 1, we show the resulting free
energy per baryon F versus the baryon mass density ρB for Yp = 0.3 and 0.5 at T = 1 MeV
and 10 MeV. Note that we focus here on the non-uniform matter phase in which heavy nuclei
are formed in the medium-density and low-temperature region, while the behavior of F and
other thermodynamic quantities over the wide range of EOS has been discussed in our earlier
work (Shen et al. 1998b, 2011). We present in Figure 1 the results of STF (PTF) with a
droplet configuration by black solid (blue dashed) lines. The bubble phase is also taken into
account in the STF calculation as shown by red dash-dotted lines. It is shown that the onset
density of the bubble phase is above 1013.9 g cm−3. The inclusion of the bubble phase causes a
visible decrease in the free energy at ρB > 10
13.9 g cm−3. On the other hand, the appearance
of the bubble phase can delay the transition to uniform matter as indicated by the vertical
dashed lines. We find that there is a small difference in F between STF and PTF, especially
in the case of T = 1 MeV (top panel). The free energy per baryon F obtained in PTF
is systematically lower than that of STF for the same droplet configuration. This may be
due to the different treatment of surface effect and nucleon distribution between these two
methods. In order to estimate how much difference can be caused by the different treatment
of surface effect, we should compare corresponding terms in Equation (17). However, it is
difficult in the STF approximation to separate the gradient energy from the bulk energy,
because both of them are involved in the first term of Equation (13). On the other hand, the
Coulomb energy can be easily separated from Equation (13) as defined by Equation (19), so
that it is possible to compare the difference in the Coulomb energy between STF and PTF.
In Oyamatsu (1993) and Oyamatsu & Iida (2003), the authors have pointed out that the
gradient energy in equilibrium should be as large as the Coulomb energy in general cases,
which means that Egcell ≃ E
C
cell could hold in both STF and PTF. This relation corresponds
to the well-known equilibrium condition in the liquid-drop model that the surface energy is
twice as much as the Coulomb energy. In the results of PTF, we do obtain Egcell = E
C
cell (see
– 9 –
Table 2). Therefore, we can use the relation Egcell = E
C
cell to estimate the gradient energy
in the STF approximation, and define the bulk energy as Ebcell = Ecell − E
g
cell − E
C
cell. In
Table 2, we compare various quantities between STF and PTF for the cases of Yp = 0.3
and T = 1 MeV. The definitions of these quantities are as follows: F = Fcell/NB is the free
energy per baryon, E = Ecell/NB is the energy per baryon, S = Scell/NB is the entropy per
baryon, Eb = E
b
cell/NB is the bulk energy per baryon, Eg = E
g
cell/NB is the gradient energy
per baryon, EC = E
C
cell/NB is the Coulomb energy per baryon, and RC is the radius of the
Wigner–Seitz cell. Note that F0 = 70MeV fm
5 has been used in the PTF method (Shen et al.
2011), so we first compare the results of STF with those of PTF (F0 = 70). It is shown that
there is no much difference in S and Eb, but F , E, Eg, and EC of PTF (F0 = 70) are all
slightly lower than those of STF. Furthermore, the difference in F (which is 0.217 MeV at
ρB = 10
13.0 g cm−3) is about twice as much as that in EC (∼ 0.1 MeV). This implies that the
difference in F is mostly caused by the sum Eg + EC = 2Eg, namely the surface effect. It
seems that Eg with F0 = 70MeV fm
5 in the PTF approximation is relatively small compared
to the self-consistent calculation of STF. To analyze the influence of the parameter F0, we
recalculated the results of PTF with F0 = 90MeV fm
5, that are also listed in Table 2. By
comparing the results of PTF (F0 = 70) and PTF (F0 = 90), we find that Eg and EC of
PTF (F0 = 90) are significantly enhanced and closer to the values of STF. As a results, the
differences in F between STF and PTF (F0 = 90) are much smaller than those between STF
and PTF (F0 = 70). Since Eg and EC of PTF (F0 = 90) are very close to the values of
STF, the small differences in F between STF and PTF (F0 = 90) should be caused by the
different treatment of nucleon distributions between these two methods. In the last column
of Table 2, we compare the cell radius RC obtained by different methods. It is shown that
RC of PTF (F0 = 70) is obviously smaller than that of STF and PTF (F0 = 90). This is
because a smaller surface energy favors a smaller nuclear size and cell radius based on the
liquid-drop model (Maruyama et al. 2005). Therefore, the increase of the surface energy in
PTF (F0 = 90) leads to a larger RC compared to that in PTF (F0 = 70). In the bottom
panel of Figure 1, we show the results for the case of T = 10 MeV. The density range of the
non-uniform matter phase at high temperature becomes very narrow as shown in Figure 2
of Shen et al. (2011), so we just compare the results in this density range. It is seen that
the differences between STF and PTF at T = 10 MeV (bottom panel) are generally smaller
than those at T = 1 MeV (top panel). This is because at higher temperature the entropy
becomes more dominant and the treatment of surface effect plays a less important role in
determining the free energy.
We plot in Figure 2 the entropy per baryon S versus ρB for Yp = 0.3 and 0.5 at T = 1
MeV and 10 MeV. In the case of T = 1 MeV (top panel), there is almost no difference
between STF and PTF for Yp = 0.3 (also see Table 2), while there is a small difference in
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the case of Yp = 0.5. At T = 10 MeV (bottom panel), the results of STF and PTF are
almost identical for both Yp = 0.3 and Yp = 0.5. We note that the behavior of the entropy
has a strong Yp dependence, which is due to the formation of heavy nuclei as discussed
in Shen et al. (1998b, 2011).
In Figures 3 and 4, we show the density distributions of protons and neutrons inside the
Wigner–Seitz cell for the cases of Yp = 0.3 at T = 1 MeV and T = 10 MeV, respectively. The
horizontal axis denotes the radial distance from the center of the cell, while the cell radius is
indicated by the hatch. The results obtained in STF (black solid lines) are compared with
those of PTF (blue dashed lines). At lower densities, there is no obvious difference in the
density profiles between STF and PTF. However, as density increases, the difference becomes
noticeable as shown in the top panels. It is seen that the densities at the center of the cell
are significantly lower than those at the surface region obtained in the STF approximation.
This is because the Coulomb interaction is explicitly included in the equation of motion for
the protons, and as a result, more protons are pushed off to the surface. The same behavior
has been observed in Maruyama et al. (2005) where the authors compare results obtained
with different treatment of the Coulomb interaction. In the STF approximation, the nucleon
distributions are obtained self-consistently with the cell radius RC determined by the free
energy minimization. However, the nucleon distributions in the PTF approximation are
forced to have the form of Equation (20) with all parameters including RC determined in
the minimization procedure. Comparing the results of T = 10 MeV (Figure 4) with those of
T = 1 MeV (Figure 3), the differences between STF and PTF are very similar. It is shown
that more free nucleons exist outside the nuclei in the case of T = 10 MeV. This is because
at higher temperature the entropy becomes more dominant, and as a result, the free energy
could be decreased by more nucleons dripping out of the nuclei. In both Figures 3 and 4, the
cell radius RC obtained in STF is obviously larger than that of PTF. This is related to the
treatment of surface effect as discussed above. It is known based on the liquid-drop model
that a smaller surface energy favors a smaller nuclear size and cell radius (Maruyama et al.
2005). In the PTF method, F0 = 70MeV fm
5 has been used in the calculation of surface
(gradient) energy, which seems not large enough in comparison with the results of STF (see
Table 2). Therefore, the smaller surface energy of PTF leads to a smaller RC compared to
that of STF.
We consider both droplet and bubble phases in this study. It is found that the bubble
could have a lower free energy than the droplet near the transition density to uniform matter.
In Figure 5, we show the density distributions of protons and neutrons obtained with droplet
and bubble configurations using the STF approximation for the cases of Yp = 0.3 and ρB =
1014.0 g cm−3 at T = 1 MeV (top panel) and T = 10 MeV (bottom panel). We minimize
the free energy per baryon with respect to the cell radius for both droplet and bubble
– 11 –
configurations, and then determine the most stable droplet and bubble. By comparing their
free energies, we determine which is the most favorable configuration among droplet, bubble,
and homogeneous phases. The onset of the bubble phase can be seen in Figure 1. Generally,
the bubble has the lowest free energy at ρB ∼ 10
14 g cm−3 (nB ∼ 0.06 fm
−3). We present in
Table 3 the resulting properties of stable droplet and bubble in the STF approximation, while
the results of PTF and those of uniform matter are also listed for comparison. It is shown
that the difference in F between the droplet and bubble phases is less than 1%, but there are
significant differences in µp and µn. On the other hand, the inclusion of the bubble phase can
increase the transition density to uniform matter. For instance, at ρB = 10
14.2 g cm−3 with
Yp = 0.3 and T = 1 MeV, the bubble phase has the lowest free energy among droplet, bubble,
and homogeneous phases, but it favors the homogeneous phase if the bubble configuration
is not taken into account.
We examine the droplet properties in non-uniform matter and investigate their density
dependence. In Figure 6, we show the nuclear mass number Ad and charge number Zd inside
the droplet as a function of ρB for the cases of Yp = 0.3 at T = 1 MeV (top panel) and
T = 10 MeV (bottom panel). Note that these quantities are different from those shown in
Figure 5 of Shen et al. (2011). Here the background nucleon gas is subtracted in order to
isolate the nucleus from the surrounding nucleon gas, namely Ad = NB − VcellnB(RC) and
Zd = Np − Vcellnp(RC). This subtraction procedure has been widely used in Thomas–Fermi
calculations (De et al. 2001; Gril et al. 2012). For comparison, we calculate Ad and Zd using
the PTF approximation and show with blue dashed lines. It is seen that Ad and Zd increase
rapidly with increasing density. At the same ρB and Yp, the values of Ad and Zd at T = 10
MeV are significantly less than those at T = 1 MeV, which is due to more nucleons can
drip out of the nuclei at higher temperature. It is found that there is a small difference
between STF and PTF for both T = 1 MeV and T = 10 MeV. This should be related to
the difference in nucleon distributions as shown in Figures 3 and 4. Generally, the droplet
properties obtained in STF are very similar to those of PTF. In Figure 7, we show the
fractions of nuclei (XA), neutron gas (Xn), and proton gas (Xp) as a function of ρB for the
same case as Figure 6. These fractions are defined by XA = Ad/NB, Xn = Vcellnn(RC)/NB,
and Xp = Vcellnp(RC)/NB. In the case of T = 1 MeV and Yp = 0.3 (top panel), there is
almost no proton gas (Xp ≃ 0), while the neutron gas fraction Xn is very small and decreases
with increasing density. This implies that nucleons inside the droplet are dominant at low
temperature. For the case of T = 10 MeV and Yp = 0.3 (bottom panel), more nucleons can
drip out of the nuclei as shown in Figures 4, and as a result Xn is of the same order of XA,
while Xp is about one order lower than Xn. Comparing the results between STF and PTF,
it is hard to see any significant difference at T = 10 MeV (bottom panel), while there is a
small difference in Xn at T = 1 MeV (top panel).
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In Figures 8 and 9, we show the chemical potentials of protons and neutrons, µp and µn,
as a function of ρB with Yp = 0.3 and 0.5 at T = 1 MeV and 10 MeV. The results of PTF are
taken from EOS2 of Shen et al. (2011), which were calculated through the thermodynamic
relations given in Equations (A16) and (A17) of Shen et al. (2011). In the STF approxima-
tion, the chemical potentials given in Equations (10) and (11) are obtained self-consistently
as described in Section 2, which are spatially constant throughout the Wigner–Seitz cell. It
is shown that the appearance of the bubble phase at ρB > 10
13.9 g cm−3 causes sudden jumps
in µp and µn within the STF approximation. This is mainly because the Coulomb potential
in the bubble is very different from that in the droplet. As for comparison between STF and
PTF, it is found that there are visible differences between STF and PTF in µp as shown in
Figure 8, while the chemical potentials of neutrons are almost identical between STF and
PTF with the same droplet configuration as shown in Figure 9. The difference in µp may be
related to the difference in Coulomb interaction between STF and PTF. As discussed above,
the Coulomb and surface energies in PTF with F0 = 70MeV fm
5 is relatively small com-
pared to those of STF, which means that the Coulomb potential in PTF should be smaller
than that in STF. According to Equation (10), a larger Coulomb potential corresponds to a
higher µp. Therefore, we obtain higher µp in STF due to its larger Coulomb potential. On
the other hand, µn is not directly related to the Coulomb potential, so the difference in µn
between STF and PTF is very small as shown in Figure 9.
4. Conclusion
In this paper, we have studied the non-uniform matter at subnuclear densities using the
STF approximation. For the effective nuclear interaction, we have adopted the RMF theory
including nonlinear σ and ω terms with the parameter set TM1 which can reproduce good
saturation properties of nuclear matter and satisfactory description of finite nuclei. We have
made a detailed comparison between the STF approximation used in this study and the
PTF approximation adopted in Shen et al. (2011). In addition, we have included the bubble
phase that could be present before the transition to uniform matter. It has been found that
the inclusion of the bubble phase can significantly affect the chemical potentials of protons
and neutrons, while its effects on free energy and entropy are relatively small. Furthermore,
the appearance of the bubble phase can delay the transition to uniform matter.
We have examined the difference between STF and PTF. In the STF method, the
nucleon distribution and the surface effect are treated self-consistently. We have minimized
the free energy with respect to the cell radius at given temperature T , proton fraction Yp, and
baryon mass density ρB. The thermodynamically favored state is the one with the lowest free
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energy among all configurations considered. The results obtained in the STF approximation
have been compared with those of PTF. It have been found that there is no obvious difference
in nucleon distributions at lower densities, while the difference becomes noticeable near the
transition density to uniform matter. For thermodynamical quantities, such as the free
energy and entropy per baryon, the results of both methods generally agree well with each
other. However, there are some small differences between STF and PTF which need to be
analyzed. The free energy per baryon obtained in PTF is slightly lower than that of STF
for the same droplet configuration. This is mainly caused by the inconsistent treatment of
the surface effect in PTF, namely the surface and Coulomb energies with the parameter
F0 = 70MeV fm
5 is relatively small compared to those obtained self-consistently in STF. In
addition, the smaller surface energy in PTF leads to a smaller cell radius in comparison to
that of STF. On the other hand, the proton chemical potential obtained in STF is slightly
higher than that of PTF, which is also related to the difference in the Coulomb and surface
energies between STF and PTF. Therefore, we can draw the conclusion that most of the
differences between STF and PTF should be due to the different treatment of surface effect,
namely the parameter F0 used in PTF is not large enough in comparison with the results
obtained in the STF approximation.
Considering the wide range of thermodynamic conditions in the whole EOS (Shen et al.
2011), the differences between STF and PTF are thought to be negligible and cannot affect
the general behavior of the EOS. Therefore, we conclude that the PTF approximation is a
reasonable description for non-uniform matter, and can produce very similar EOS with that
obtained in the STF approximation which is considered to be self-consistent in the treatment
of surface effect and nucleon distribution.
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Table 1. Parameter set TM1 for the RMF Lagrangian used in this work. The masses are
given in MeV.
M mσ mω mρ gσ gω gρ g2 (fm
−1) g3 c3
938.0 511.19777 783.0 770.0 10.02892 12.61394 4.63219 -7.23247 0.61833 71.30747
Table 2. Comparison between different methods for the cases of Yp = 0.3 and T = 1 MeV
at ρB = 10
13.0, 1013.5, and 1013.9 g cm−3. The various quantities are defined as follows:
F = Fcell/NB is the free energy per baryon, E = Ecell/NB is the energy per baryon,
S = Scell/NB is the entropy per baryon, Eb = E
b
cell/NB is the bulk energy per baryon,
Eg = E
g
cell/NB is the gradient energy per baryon, EC = E
C
cell/NB is the Coulomb energy per
baryon, and RC is the radius of the Wigner–Seitz cell.
log10(ρB) method F E S Eb Eg EC Rc
(g cm−3) (MeV) (MeV) (kB) (MeV) (MeV) (MeV) (fm)
13.0 STF -8.087 -7.807 0.280 -10.135 1.164 1.164 20.0
PTF (F0 = 70) -8.304 -8.025 0.278 -10.161 1.068 1.068 19.3
PTF (F0 = 90) -8.023 -7.748 0.275 -10.080 1.166 1.166 20.3
13.5 STF -8.577 -8.377 0.201 -10.275 0.949 0.949 16.1
PTF (F0 = 70) -8.754 -8.554 0.200 -10.286 0.866 0.866 15.5
PTF (F0 = 90) -8.527 -8.326 0.200 -10.223 0.948 0.948 16.3
13.9 STF -9.275 -9.112 0.163 -10.433 0.660 0.660 16.6
PTF (F0 = 70) -9.388 -9.226 0.162 -10.438 0.606 0.606 15.5
PTF (F0 = 90) -9.229 -9.066 0.164 -10.386 0.660 0.660 16.4
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Table 3. Comparison between different phases for the cases of Yp = 0.3 and
ρB = 10
14.0 g cm−3 at T = 1 MeV and 10 MeV. The various quantities are as follows: F is
the free energy per baryon, S is the entropy per baryon, µn and µp are the chemical
potentials of neutrons and protons, RC is the radius of the Wigner–Seitz cell, nn(r) and
np(r) are the number densities of neutrons and protons at position r in the cell.
T phase F S µn µp Rc nn(0) np(0) nn(RC) np(RC )
(MeV) (MeV) (kB) (MeV) (MeV) (fm) (fm
−3) (fm−3) (fm−3) (fm−3)
1 Bubble (STF) -9.615 0.152 -0.678 -40.265 17.13 0.0002 0.0000 0.0780 0.0392
Droplet (STF) -9.528 0.155 -0.026 -31.934 18.28 0.0696 0.0263 0.0008 0.0000
Droplet (PTF) -9.612 0.155 0.383 -35.873 16.65 0.0807 0.0393 0.0013 0.0000
Uniform matter -7.994 0.214 -6.544 -32.140 0.0422 0.0181 0.0422 0.0181
10 Bubble (STF) -17.527 1.641 -7.843 -39.332 13.51 0.0124 0.0021 0.0559 0.0272
Droplet (STF) -17.462 1.686 -8.090 -36.202 13.81 0.0547 0.0256 0.0275 0.0081
Droplet (PTF) -17.481 1.661 -7.881 -37.735 14.56 0.0594 0.0297 0.0230 0.0061
Uniform matter -17.453 1.738 -8.845 -37.355 0.0422 0.0181 0.0422 0.0181
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Fig. 1.— Free energy per baryon F versus ρB for Yp = 0.3 and 0.5 at T = 1 MeV (top panel)
and T = 10 MeV (bottom panel). The results of STF with droplet configuration (black solid
lines) and bubble configuration (red dash-dotted lines) are compared with those of PTF (blue
dashed lines). The vertical dashed lines indicate the position where the transition from non-
uniform matter to uniform matter occurs. (A color version of this figure is available in the
online journal.)
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Fig. 2.— Same as Figure 1, but for entropy per baryon S. (A color version of this figure is
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Fig. 3.— Density distributions of protons and neutrons inside the Wigner–Seitz cell for the
cases of Yp = 0.3 and T = 1 MeV at ρB = 10
13.0, 1013.5, and 1013.9 g cm−3 (bottom to top).
The cell radius is indicated by the hatch. The results of STF (black solid lines) are compared
with those of PTF (blue dashed lines). (A color version of this figure is available in the online
journal.)
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Fig. 4.— Density distributions of protons and neutrons inside the Wigner–Seitz cell for the
cases of Yp = 0.3 and T = 10 MeV at ρB = 10
13.5 and 1013.9 g cm−3 (bottom to top). The cell
radius is indicated by the hatch. The results of STF (black solid lines) are compared with
those of PTF (blue dashed lines). (A color version of this figure is available in the online
journal.)
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Fig. 5.— Density distributions of protons and neutrons inside the Wigner–Seitz cell for
the cases of Yp = 0.3 and ρB = 10
14.0 g cm−3 at T = 1 MeV (top panel) and T = 10
MeV (bottom panel). The cell radius is indicated by the hatch. The red dash-dotted lines
display the results of STF with bubble configuration. The black solid lines illustrate the
results of STF with droplet configuration, while the blue dashed lines show those of PTF for
comparison. (A color version of this figure is available in the online journal.)
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subtraction procedure. The results of STF (black solid lines) are compared with those of
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occurs. (A color version of this figure is available in the online journal.)
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Fig. 9.— Same as Figure 8, but for neutron chemical potential µn. (A color version of this
figure is available in the online journal.)
